Pach showed that every d + 1 sets of points Q 1 , . . . , Q d+1 ⊂ R d contain linearly-sized subsets P i ⊂ Q i such that all the transversal simplices that they span intersect. We show, by means of an example, that a topological extension of Pach's theorem does not hold with subsets of size C(log n)
Introduction
Pach's overlap theorem. Let Q 1 , . . . , Q d+1 be d + 1 sets of points in R d . A family of subsets P 1 , . . . , P d+1 with P i ⊂ Q i is a Pach family if all the simplices of the form p 1 . . . p d+1 with p i ∈ P i have a common intersection point. Pach's overlap theorem [15] asserts that if each set Q i is of size n then there is a Pach family with |P i | ≥ c d n. The constant c d depends only on the dimension and its optimal value is unknown. The same-type lemma of Bárány and Valtr [3] is closely related to Pach's result.
Topological version. Many results in combinatorial geometry admit a topological generalization by replacing linear functions with arbitrary continuous functions. A celebrated example concerns planar graphs: a graph can be drawn in the plane with straight edges if and only if it can be drawn with 'curvy' edges. Closer to the subject of the present paper are the topological Tverberg theorem of Bárány, Shlosman and Szűcs [2] and Gromov's topological overlap theorem [10] , which generalize Tverberg's theorem [20] and Bárány's overlap theorem [4, Theorem 5 .1] respectively.
It is natural to ask if Pach's overlap theorem admits such a generalization. In order to state it, we need some standard notation. For a simplicial complex Y , let Y ≤d be the d-skeleton of Y ,following, we let V 1 , V 2 , . . . , V d+1 be d + 1 point sets of size n each. By a slight abuse of notation, we treat each V i also as a 0-dimensional simplicial complex. Put
The complex X consists of d-simplices, which contain one vertex from each V i , and their faces. Definition 1. Consider a continuous map φ : X → M . A topological Pach family for φ consists of sets P i ⊂ V i and a point p ∈ M such that the φ-image of every d-simplex in P 1 * · · · * P d+1 contains p. Let f M (n) be the least integer such that, for every continuous map φ : X → M , there is a topological Pach family all of whose sets are of size f M (n).
When M = R d and φ is an affine map, this notion reduces to the usual (non-topological) Pach family. In this paper, the map φ is an arbitrary continuous map into a topological manifold M which is assumed to have no boundary, but is not necessarily compact. In [5] , it was shown that, unlike in the affine case, a topological Pach family of linear size need not exist. Namely, [5] gave a construction demonstrating that
We present a better construction and improve the lower bound in dimension 2, showing that our construction is tight in this case.
Below and everywhere else in the paper the logarithms are to the base e = 2.71 . . . .
Theorem 2. For every manifold
This is sharp for d = 2: for every surface M = S 2 ,
Much to our surprise the asymptotics of f M (n) is sensitive to the target space. The asymptotics of f S 2 (n) is different from the asymptotics of f M (n) for any other surface M = S 2 ! Theorem 3. For each d ≥ 1,
for n large enough. Here,
We begin with the proof of the easiest result, which is Theorem 3. We then explain the similar, but more complicated Theorem 2. We finish this paper with some remarks and open problems.
The case M = S d : proof of Theorem 3
Construction. We identify S d with the one-point compactification of R d . Map the vertices of X to a set in general position, and then extend to the (d − 1)-skeleton by linearity. For each d-face of X, there are two natural ways of extending φ to that face. We may stay inside R d and fill in the simplex by extending φ linearly, or we may use the point at infinity to obtain the 'inverted' filling. We choose one of these two ways uniformly at random, for each d-face.
The usual (left) and the 'inverted' (right) fillings of a triangle
The (d+1)n vertices of X span
hyperplanes, which in turn partition S d into O(n d 2 ) regions. The points in each such region are covered by the same set of φ-images of d-faces of X. Hence, the common intersection point of every Pach family can be taken to be a center of one of the regions. Let m def = 2(log n) 1/d . Given a point p ∈ S d and a (d + 1)-tuple of m-element sets (P 1 , . . . , P d+1 ), the probability that p is a common intersection point of all the simplices spanned by P 1 , . . . , P d+1 is 2 −m d+1 since the fillings are chosen independently. By the union bound over all tuples (P 1 , . . . , P d+1 ) and over all region centers p, it follows that a Pach family of size m exists with probability at most O n m d+1 n d 2 2 −m d+1 = O(1/n). In particular, for some choice of fillings, a Pach family of this size does not exist.
Lower bound. This argument is from [5] , so we only sketch it. Denote by X =d the set of d-simplices in X. By Gromov's topological overlap theorem [10] , for any continuous map φ : [14] for Erdős's generalization [9] of the Kövari-Sos-Turán theorem.
The explicit value for α d of 1/(d+1)!2 d 2 +1 will be obtained in the next section, after a more careful discussion of Gromov's theorem. Plugging this value into Nikiforov's estimate, we obtain the desired lower bound.
Construction. This is similar to the construction for S d , except that we cannot randomize the d-faces of X. We randomize the
hypergraph in which each part is of size n. In our probabilistic construction we will require an upper bound on the probability that a random subgraph of a (d, n)-graph contains no (d + 1)-clique. It is possible to prove a very precise bound using hypergraph containers (see [18, Corollary 2.4] or [1, Theorem 8.1] for similar non-partite results). Instead of doing that, we opt for a simple proof of a cruder upper bound using a restatement of the Loomis-Whitney inequality [12] due to Bollobás-Thomason [6] .
For a set family F ⊂ 2 X and a set Y ⊂ X, we define the trace on Y by
Lemma 4 (Theorem 7 from [6] ). Let E be a finite set, and C ⊂ 2 E be a family of subsets of E such that each x ∈ E is in equally many sets of C. Let F be a uniformly random subset of E. Suppose that a family F ⊂ 2 E and a constant c < 1 
Hence the probability that H does not satisfy the conclusion in a random coloring of the
⌉, by the union bound over all (d, m)-subgraphs H it follows that the probability of some H failing the conclusion is < 1, and so the desired coloring exists.
Choose a 2-edge-coloring χ : X =(d−1) → {1, −1} of this hypergraph as in the preceding lemma.
We shall use the coloring χ to construct a map φ : X → M . We will confine the image of φ to a single chart of M ; this way we may assume that M = R d . We start by mapping the vertices of X to points in general position inside the coordinate
hyperplane {x d = 0}. Extending this embedding linearly, we obtain a map
-face σ of X we push the interior of σ up or down in the last coordinate direction according to the color χ(σ). The result of this deformation defines the map φ on X ≤(d−1) .
Finally, we extend the map to the d-skeleton of X in such a way that if σ ∈ X =d and if all the (d − 1)-simplices in ∂σ are above (below) the {x d = 0} hyperplane, then σ is also above (resp. below) that hyperplane.
Let p ∈ R d , and suppose that φ −1 (p) intersects all d-faces of P 1 * · · · * P d+1 for some P i ⊂ V i . Because φ maps the vertices of X to points in general position and because φ is linear on X ≤(d−2) , the intersection of φ-images of any d/2 + 1 vertex-disjoint simplices in X ≤(d−2) is empty. So, φ −1 (p) is contained in the interior of at most d/2 many faces of X ≤(d−2) . Let Q be the union of vertex sets of these faces; evidently, |Q| ≤ d 2 /2.
Let
for all i, then P 1 * · · · * P d+1 contains monochromatic d-faces of each of the two colors. Let σ ∈ (P 1 * · · · * P d+1 ) =d be one of these two monochromatic d-faces. Since σ is monochromatic, the only points of φ(σ) that lie on the hyperplane {x d = 0} are those of φ(σ ≤ (d−2) ). By the definition of Q this implies that p d = 0, and hence χ(σ) = sign p d . Since this holds for monochromatic d-faces of both colors, we reach a contradiction. So, |P ′ i | < 25(log n) 1/(d−1) for some i, after all.
Topological intermezzo. Before tackling the proof of the lower bound from Theorem 2, we perform a couple of topological simplifications, and review some definitions and results.
Since the lower bound in Theorem 2 is about surfaces, we may (and do) assume that M carries a triangulation. By slight abuse of notation, we use the same symbol M to denote the triangulation. Consider the Boolean algebra generated by all the φ-images of simplices in X. Let ρ > 0 be the minimal distance between two disjoint sets in this Boolean algebra. We may assume that the triangulation of M is sufficiently fine so that the diameter of each cell is less than ρ. By the simplicial approximation theorem [16] there is a subdivision X ′ of X and simplicial map φ ′ : X ′ → M such that the image φ ′ (x) belongs to the (uniquely defined) simplex of M whose relative interior contains φ(x). If we put A = {σ ∈ X : p ∈ φ ′ (σ)}, then σ∈A φ(σ) is also non-empty. Therefore, it suffices to find a topological Pach family for φ ′ . To avoid extra notation, we continue writing φ for φ ′ , with the added benefit of φ now being a piecewise linear map.
We say that the map φ : X → M is in general position with respect to M if for every simplex σ ∈ X and every simplex τ ∈ M , whose dimensions satisfy dim σ + dim τ = d, φ(σ) and τ intersect transversally. By [21, Ch. VI], we may assume (up to small perturbation) that φ is in general position.
A k-chain in a complex Y (over F 2 ) is a formal Finally, we need to state Gromov's overlap theorem [10] slightly more precisely. We follow the exposition in [8] . A k-cochain in X is a F 2 -linear function on C k (X). The vector space of all k-cochains is denoted C k (X). A coboundary of a cochain a ∈ C k (X) is the (k + 1)-cochain δa, which is given by δa(σ) def = a(∂σ). Define the norm on C k (X) by
where supp a is the support of a. Up to normalization, this is the Hamming norm. Since we work with F 2 coefficient, we will occasionally abuse the notation and identify cochains with their supports. A k-coboundary is a cochain of the form δa for some (k − 1)-cochain a. We say that a cofills δa. In general, there are many (k − 1)-cochains a that cofill a given coboundary. Cofillings of small norm are of special interest though. We say that X satisfies an L-cofilling inequality in dimension k if for every k-coboundary b there is some a ∈ C k−1 (X) such that δa = b and a ≤ L b .
We say that X is ε-sparse if, for every face τ ∈ X and every 0 ≤ k ≤ d, less than ε-fraction of all k-simplices intersect τ .
Theorem 6 (Gromov's overlap theorem, following [8] ). Suppose X is a finite simplicial complex of dimension d, and let · be defined by (2) . Suppose φ : X → M is a continuous map into a piecewise linear manifold M . Suppose that
• X satisfies an L-cofilling inequality in dimensions 1, . . . , d; and
• X is ε-sparse; and
• the cohomology groups of X vanish in dimensions 0, . . . , d − 1.
Then there is a point p ∈ M such that
(The statement appearing as Theorem 8 of [8] is slightly different: It is limited to compact connected manifolds, the condition on the cohomology groups is replaced by a condition on cosystoles, and the conclusion asserts only that φ-images of a positive fraction of the d-simplices contain p. The compactness condition can be removed as explained in Remark 9 of the same paper, the connectedness condition can be removed by restricting to the component containing the image of X, the cosystole condition is implied by our cohomology condition, and the stronger conclusion follows from the actual proof of the overlap theorem in [8] .)
For the complex [7, Proposition 5.8 ]. An n-point discrete space can thought of as a wedge sum of n − 1 copies of S 0 , and so X is homotopy equivalent to the wedge sum of (n − 1) d+1 copies of S d , which implies that the cohomology groups vanish in all dimensions less than d. Finally, X is clearly O(1/n)-sparse. Therefore, by Theorem 3, for this X and every continuous map φ : X → M we obtain a point p ∈ M satisfying
Lower bound in the case M = RP 2 . Let M be the universal cover of M . Since the complex X is simply-connected, we may lift the map φ : X → M to a map φ : X → M satisfying φ = prj • φ, where prj : M → M is the projection map. Since M is a manifold, so is M . Observe that a Pach family for the map φ is also a Pach family for the map φ. So, we may replace M by its universal cover M if we wish. If M is compact, and is neither S 2 nor RP 2 , then it follows from the classification of compact surfaces that its fundamental group is infinite. When π 1 (M ) is infinite, M is non-compact because it contains a discrete subset of the form prj −1 (p). In this case, we replace M by M as discussed above.
So, if M = RP 2 , then we may (and do) assume that M is non-compact.
Since X is compact but M is not, the set M \ φ(X) is non-empty. By Theorem 6 and the explicit bound (3), there is a point p ∈ M such that φ(σ) · p = 0 for 1 192 n 3 many triangles σ of X. Let F be the set of these triangles. Let R ∈ C 1 (M ) be a path in the 1-skeleton of M from p to a point in M \ φ(X). For a triangle σ = x 1 x 2 x 3 ∈ X with x i ∈ V i , let σ i be its edge obtained by removing vertex x i . Associate to each σ ∈ F a vector
By the pigeonhole principle, there is F ′ ⊂ F of size |F ′ | ≥ 2 −3 |F| on which π(σ) is constant, say π(σ) =π. Because of (1), iπ i = φ(σ) · ∂R = φ(σ) · p + 0 = 0. Let H ⊂ X =2 be the 3-partite graph whose edge set consists of all the edges of the triangles σ ∈ F ′ . We say that τ ∈ E(H) is of type i if τ contains no vertex from V i in X (and hence contains a vertex from every other V j in X). By the definition of F ′ we have φ(τ ) · R =π i whenever τ is of type i. Since π i = 0, it follows that every triangle in H corresponds to a 2-simplex of X whose φ-image contains p.
The lower bound in Theorem 2 now follows from the following result of Nikiforov [13] (stated here for the special case that we need). An alternative proof is in [17, Section 2] .
Theorem 7 (Main result of [13] ). Let c > 0. Every n-vertex graph with at least cn 3 triangles contains a complete tripartite subgraph with all parts of size ⌊c 3 log n⌋.
Lower bound in the case M = RP 2 . In contrast to the case M = RP 2 , here we reverse the order of the steps: we start by applying Gromov's theorem, and then pass to the universal cover. So, pick p ∈ RP 2 such that φ(σ) · p = 0 for 1 192 n 3 many triangles σ ∈ X =2 . Let φ : X → S 2 be the lift of φ, and let prj : S 2 → RP 2 be the projection map. Denote by q 1 , q 2 the preimages of p under prj. Let R ∈ C 1 (S 2 ) be a path from q 1 to q 2 . Because φ maps the points of Remarks and open problems 2. The lower bound in Theorem 3 carries over without any changes to any piecewise linear manifold. However, we believe that the upper bound in Theorem 2 is sharp for every manifold M that is not a sphere. We are unable to prove this even when M (or its universal cover) is non-compact. Following the argument in Theorem 2, this case would follow from the obvious generalization of Nikiforov's result from [13] to hypergraphs. Alas, this is still an open problem, see [17] for partial results.
3. Assuming a suitable hypergraph generalization of Nikiforov's theorem, the lower bound argument in Theorem 2 generalizes to any non-simply-connected piecewise linear manifold M ; one obtains
for such manifolds . Indeed, we may assume that π 1 (M ) is finite, as otherwise we may reduce to the non-compact case. Let ℓ be the smallest prime divisor of |π 1 (M )|.
If ℓ = 2, we consider the universal cover of M , and proceed as in the case M = RP 2 using 1-chain R which is a sum of |π 1 (M )|/2 paths in a perfect matching on the preimages of a heavily-covered point. If ℓ > 2, we need to make minor alterations to the proof. First, we use the Gromov's overlap theorem with F ℓ coefficients in place of F 2 coefficients; as observed in [8, Remark 18 .2] Gromov's theorem holds under the condition that the manifold is F ℓ -orientable. Since ℓ > 2, the fundamental group of the manifold contains no subgroup of index 2, and so M is orientable [11, Proposition 3.25] . To apply the overlap theorem we must verify the cofilling inequality of X with F ℓ -coefficients. Fortunately the proof in [7, Proposition 5.8] remains valid for coefficients in any abelian group without any modification (notice that there is a small typo on page 13 of [7] , in the formula for ζ v , the first row on the left hand side should read η v 0 ,v + dα v 0 ,v , instead of η v 0 ,v + α v 0 ,v ). So we let p be a heavily-covered (mod ℓ) point, and we let q 1 , . . . , q N , where N = |π 1 (M )|, be its preimages in the universal cover. Note that ℓ | N implies that whenever φ(σ)·p = 0 (mod ℓ) then there is a pair of preimages q i , q j such that φ(σ)·(q i + q j ) = 0 (mod ℓ). Therefore, we may take R to be a path connecting the most popular pair of preimages, and finish as in the proof of Theorem 2.
4. The case of a general compact M = S d will require a modification of our argument. For example, we do not know how to prove the lower bound of c(log n) 1/3 for M = S 2 × S 2 even assuming the generalization of Nikiforov's result to hypergraphs.
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